Sound wave propagation in 2D enclosed spaces containing a fluid-filled thin barrier is modelled in the frequency domain using a combination of three techniques: the boundary element method (BEM), the traction boundary element method (TBEM) and the method of fundamental solutions (MFS). In this formulation the body of the barrier is modelled with a mixed BEM/TBEM approach to cope with the thin body difficulty while the boundary of the host medium is modelled with an MFS technique. The MFS calculates the sound reflection from the boundary, as a linear combination of 2D virtual sources. These N virtual sources are located outside the domain on an imaginary boundary, to avoid singularities. The BEM/TBEM and MFS formulations are coupled by assuming that the absorption of the host medium boundary is obtained imposing an impedance boundary condition, while along the fluid-filled thin barrier boundary the continuity of pressure and pressure gradients is established.
Introduction
Different techniques have been applied over the years in order to understand how waves propagate and radiate in acoustic media. The analytical solutions that have been developed can only be used for problems where the geometry and materials are relatively simple. If the conditions are more complex, such as in regular layered media for example, then the superposition of Green's functions is a useful approach. But numerical techniques are the only way of solving the integral expressions yielded for irregular geometries, and in general, they require a great computational effort. Among the numerical methods developed to model the kind of acoustic vibration problems encountered in engineering practice are the thin layer method (TLM) [1] , the boundary element method (BEM) [2] , the finite element method (FEM) [3] , the finite difference method [4] and the ray tracing technique [5] .
Unbounded homogeneous systems are best tackled with the BEM if they have irregular interfaces and inclusions. The BEM automatically satisfies the far field conditions and so discretisation is only required for the boundaries of the interfaces and inclusions. However, this method does assume prior knowledge of fundamental solutions (Green's functions), and its efficiency depends on the correct integration of the singular and hypersingular integrals. In addition, the excitation frequency determines the number of boundary elements that are needed. The higher the frequency the greater the number of elements, leading to high computational costs.
A further problem is that the BEM tends to fail when applied to cracks and very thin heterogeneities [6] . The traction boundary element method (TBEM) [7] is one numerical method that solves the thin-body complexity. However, in these formulations hypersingular integrals need to be solved [8] [9] [10] . Prosper and Kausel [11] simulated the behaviour of a 2D horizontal crack using that technique. This work was then extended by Amado Mendes and Tadeu [12] who simulated the elastic wave propagation around 2D irregular empty cracks, excited by a 3D source, in an unbounded medium. Later, a technique based on a dual BEM/TBEM formulation was developed and applied to the cases of fluid-filled thin inclusions placed in an unbounded medium [13] and the elastic scattering produced by thin rigid inclusions [14] . The resulting hypersingular integrals were computed analytically by defining the dynamic equilibrium of semi-cylinders above the boundary elements that discretised the heterogeneity.
Another approach is to formulate the problem using finite elements. However, the FEM requires the full discretisation of the medium leading to large-scale models, which makes it computationally impracticable for most computers.
Meshfree or meshless methods are another class of numerical simulation algorithms that have become more popular in recent years since they do not require the discretisation of either the domain or the boundary. The method of fundamental solutions has been employed in the study of wave propagation [15] . This technique overcomes some of the mathematical intricacies of the BEM and it gives adequate solutions with much less computer effort. The MFS proved to be very efficient to simulate propagation of acoustic waves in a fluid medium [16] . It has also been used to study acoustic and elastic wave www.witpress.com, ISSN 1755-8336 (on-line) propagation around thin heterogeneities by means of a domain decomposition technique [17] . However, it is less successful at modelling thin inclusions with sinuous boundaries.
The authors have devised a coupled formulation that combines the BEM/TBEM and MFS techniques. This coupled approach addresses some of the disadvantages exhibited by each method on its own in the analysis of acoustic wave propagation problems, in domains which contain one or more inclusions with varying boundary conditions [18] . The proposed method involves subdividing the domain and modelling each sub-domain with the BEM/TBEM and MFS, imposing the required boundary conditions. This work takes the coupled formulation technique described in [18] further. The three numerical techniques are coupled for the transient analysis of sound wave propagation within an enclosed 2D acoustic medium in which there is a thin barrier. In the example used here, the boundary of the host medium is assumed to be sound absorbent by prescribing an impedance boundary condition for it. These boundary conditions are prescribed for a set of collocation points along the boundary. The continuity of pressures and pressure gradients is set along the boundary of the barrier. The results using the coupled BEM/TBEM+ MFS approach are compared with those given by a formulation that does not include the sound absorption [18] . The next section sets out the problem and afterwards the application is presented.
Problem formulation
Pressure ( p ) at any point of the spatial 2D acoustic domain, for frequency ( ω ) domain analysis can be calculated with the Helmholtz equation:
The host medium comprises a homogeneous fluid bounded by a surface 2
S
and contains a thin fluid barrier which is itself bounded by a surface 1
S . This barrier is subjected to an incident pressure field given by inc p . The barrier is modelled as a closed surface. As the opposite collocation points are very close, the BEM formulation degenerates and is no longer valid.
The BEM and TBEM formulations can be combined on opposite collocation points. Part of the boundary surface of the inclusion is loaded with monopole loads (BEM formulation), while the remaining part is loaded with dipoles (TBEM formulation).
The MFS simulates the scattered response generated by the host medium boundary. It is obtained as a linear combination of the fundamental solutions that simulate the pressure field generated by a set of NS virtual sources. The virtual sources have unknown amplitudes _ n ext a . To avoid singularities they are placed at distance δ from that boundary towards the exterior of the host medium (line C Figure 1 ). The pressure field generated by the host medium boundary can be seen as an incident pressure field that reaches the thin barrier. The continuity of pressures and pressure gradients is prescribed along the boundary of the barrier. Thus, the integral equations when monopole loads are applied to the boundary of the barrier can be expressed by:
(a) along the exterior domain of the barrier When the boundary of the barrier is loaded with dipoles (dynamic doublets) the required integral equations can be expressed as: (1) 
The coefficient a is zero for piecewise straight boundary elements [19] and the factor c is a constant defined as above.
These equations are solved by discretising the boundary surface ( 1 S ) into N straight boundary elements, with one nodal point in the middle of each element. The required two-dimensional Green's functions are now defined as: 
where k n and n n are the unit outward normal for the boundary segments being, respectively, loaded and integrated. In equation (5) 
The amplitudes of the unknown virtual pressure loads
can only be determined once the required boundary conditions are imposed at interface 2 S , the boundary of the host medium, along NS collocation points col col ( , )
x y . The scattered field generated at the barrier must be taken into account. The prescribed boundary condition assumes a relation between the pressure and the velocity at each collocation point. This can be viewed as a Robin boundary condition (impedance boundary condition) on acoustic pressure, that is,
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The equation below is thus defined for each collocation point of the host medium boundary 
where Z is the impedance of the boundary of the host medium. The impedance is given by the ratio between the pressure and the velocity and can be expressed using the absorption coefficient α , 
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Pressure in time-space
Given that the computations are performed in the frequency domain, time responses in the space domain are computed by applying an inverse (Fast) Fourier Transform in ω , using a Ricker pulse as the dynamic excitation source, with temporal variation given by:
where A represents the amplitude; and 
Application
The proposed coupling algorithm described above is used to simulate the 2D wave field generated by a pressure source in an underground train station in the presence of a thin barrier that is modelled as a fluid-filled thin inclusion ( Figure 2 ). The computations were performed in the frequency domain for frequencies ranging from 4 to 2048 Hz, with a frequency increment of 4 Hz. The total time frame for the analysis was thus 0.25 s. The wave velocity in the host medium and its density were assumed constant and equal to 340 m/s and 1.22 kg/m 3 , respectively. The impedance of the host medium's boundary was calculated so as to consider a constant sound absorption coefficient of 0.7 at all frequencies. For the purpose of the impedance calculation the wave incidence was considered normal to the The TBEM formulation discretises one side of the inclusion's surface while the other is discretised by the BEM. The boundary of the metro station is modelled using the MFS. The virtual sources are placed 0.32 m from the station boundary. The number of virtual sources/collocation points was established from the relation between the wavelength and distance between successive virtual sources/ collocation points. This relation was set at 6 for each computation frequency. The number of boundary elements was chosen by setting the relation between the wavelength and the length of the boundary elements at 6. A minimum of 700 collocation points/virtual sources and 240 boundary elements were used to discretise the metro station boundary and the acoustic barrier, respectively.
The pressure wave field is computed in the frequency domain at a semicircular grid of 4867 equally spaced receivers. The time domain results were computed after applying an inverse Fourier Transform, with a source taken to be modelled as a Ricker wavelet and having a characteristic frequency of 400 Hz. The results are in the right-hand column of Figure 3 , and these are compared with those calculated for a high-reflecting boundary (left-hand column of Figure 3) .
Snapshots of the pressure wave field for the grid of receivers at different instants are presented in Figure 3 . The pressure amplitude is displayed using a gray scale, ranging from black to white, as the amplitude increases.
In Figure 3 (a) (at 8.30 ms t = ) the pressure wave is propagating away from the source towards the fluid-filled inclusion. When it strikes the inclusion some of the energy is reflected back and the rest passes through the thin barrier. The snapshots also show the reflection at the ground and diffracted waves at the bottom of the barrier. The part of the wave that has passed through the inclusion combines with the waves diffracted at the top and bottom of the barrier, as can be observed in Figure 3 (b) at 16 .60 ms t = . Eventually all the energy is dissipated as these dynamic steps are repeated, with waves being reflected from, and diffracted and refracted by, the boundaries of the barrier and the station walls (see Figures 3(c)-(d) ).
The right-hand column of Figure 3 , with the absorbent boundary of the host medium, shows that the wave amplitude becomes weaker and weaker each time the waves reach it.
Conclusions
The work proposes the use of a 2D approach consisting of a mixed BEM/TBEM technique and an MFS formulation to model the acoustic wave propagation around a thin barrier embedded in an enclosed acoustic space. The coupling algorithm described is able to cope with the limitations posed by the individual methods. It gives sufficiently accurate results and is less costly in terms of computer effort.
